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Abstract
We introduce the brane-bulk interaction to discuss a limitation of the cosmological Cardy-
Verlinde formula which is useful for the holographic description of brane cosmology. In the
presence of the brane-bulk interaction, we cannot find the entropy representation of the
first Friedmann equation (the cosmological Cardy-Verlinde formula). In the absence of
the interaction, the cosmological Cardy-Verlinde formula is established even for the time-
dependent charged AdS background. Hence, if there exists a dynamic exchange of energy
between the brane and the bulk (that is, if T˜ t y 6= 0), we cannot achieve the cosmological
holographic principle on the brane.
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Recently the brane cosmology have received much attention [1–5] in connection with
the brane world scenario [6]. Further the brane cosmological evolution was explored when
the brane-bulk interaction exists [7–11]. On the other hand the cosmological holographic
principle was realized by applying the AdS/CFT correspondence [12–18].
In this letter we wish to clarify the relationship between the cosmological holographic
principle and the brane-bulk energy exchange.
We start with reviewing the two important issues. One is a static version called the
Cardy-Verlinde formula which shows that using the AdS/CFT correspondence [19], the
entropy of a conformal field theory (CFT) in any dimension can be expressed in terms of
a generalized form of the Cardy formula [20]. Explicitly one can consider a CFT residing
in an (n + 1)-dimensional spacetime with the static metric for the Einstein space ds2CFT =
−dτ 2+ r2dΩ2n, where dΩ2n denotes a unit n-dimensional sphere. For a strongly coupled CFT
with AdS dual, one can obtain the Cardy-Verlinde formula which states that an entropy (S)
can be expressed as a square root of the energy (E)
S =
2πr
n
√
Ec(2E − Ec) (1)
with the Casimir energy (Ec) for a finite system. Indeed, this formula was checked to hold
for various kinds of AdS-bulk spacetimes; AdS-Schwarzschild black hole [12], AdS-Kerr black
hole [21], AdS-charged black hole [22], AdS-Taub-Bolt spacetimes [23,24].
The other is a dynamic version called the cosmological Cardy-Verlinde formula which
connects the Cardy-Verlinde formula Eq.(1) with the first Friedmann equation. We introduce
the Friedmann-Robertson-Walker (FRW) metric based on the isotropic and homogeneous
universe
ds2FRW = −dτ 2 +R2(τ)dΩ2n (2)
with a scale factor R(τ). Although two line elements dS2CFT and dS2FRW have different
origins, these are considered to be conformally equivalent. Hence it is possible to make a
connection between these if some conditions are satisfied. For a closed (k = 1) radiation-
dominated universe, two Friedmann equations are given by
H2 =
16πGn+1
n(n− 1)ρ−
1
R2 , (3)
H˙ = −8πGn+1
n− 1 (ρ+ p) +
1
R2 , (4)
where H = R˙/R is the Hubble parameter and the dot stands for the differentiation with re-
spect to the proper time τ . ρ = E/V is the energy density where E is the energy of radiation-
matter filling the universe, V = RnV (Sn) is the volume of the universe, and p = ρ/n denotes
the radiation-pressure. Verlinde [12] have proposed that the first Friedmann equation (3)
can be expressed in terms of three cosmological holographic entropies [25,26]; Bekenstein-
Verlinde entropy SBV =
2pi
n
ER, Bekenstein-Hawking entropy SBH = (n− 1) V4Gn+1R , Hubble
entropy SH = (n − 1) HV4Gn+1 . Then the first Friedmann equation (3) can be rewritten as an
entropy relation
S2H + (SBV − SBH)2 = S2BV . (5)
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Making use of the Bekenstein-Verlinde entropy as SBH ≡ 2pin EBHR, we define the Bekenstein-
Hawking energy EBH =
n(n−1)V
8piGn+1R2
. Then Eq.(5) leads to the cosmological Cardy-Verlinde
formula
SH =
2πR
n
√
EBH(2E − EBH). (6)
It is straightforward to recover the Cardy-Verlinde formula of Eq.(1) from Eq.(6) replacing
(SH , EBH ,R) by (S,Ec, r) respectively. This apparent connection between the static Cardy-
Verlinde formula and the first Friedmann equation comes mainly from the fact that two line
elements (ds2CFT and ds
2
FRW ) are conformally equivalent to each other. The difference is
their origin that one is static, while the other is dynamic. This observation implies that the
Friedmann equation and the Cardy-Verlinde formula are closely related. Furthermore it was
suggested that these can be derived from the same principle.
At this stage, we ask of how much the Cardy-Verlinde formula of Eq.(1) is useful for
describing a cosmological holographic principle in the brane cosmology 1. In general, one says
that if the dynamic equation of the brane (the first Friedmann equation) is expressed in terms
of the bulk quantities, the cosmological holographic principle is realized. In this direction,
Savonije and Verlinde [27] have made the first progress by introducing a concrete model, an
MDW in the (n+ 2)-dimensional AdS-Schwarzschild black hole. There exists a remarkable
relationship between the thermodynamics of a CFT on the brane and the gravitational
dynamics of the brane in dual AdS space. It is well-known that the dynamic equations
governing the motion of the brane are exactly given by the (n+ 1)-dimensional Friedmann
equations. Actually all moving domain walls in the AdS-Schwarzschild black hole may take
a kind of holographic matter (ρh = E/V,E ∼ mℓ/R) which comes originally from the
Schwarzschild mass-term m/rn−1. One identifies this either a holographic term of strongly
coupled CFT-radiation matter filling the brane or a candidate for dark matter [28]. In this
work we keep a view of the holographic term. In this sense one insists that the cosmological
holography can be realized by the extension of the AdS/CFT correspondence. Furthermore
it was shown that the cosmological Cardy-Verlinde formula Eq.(6) matches exactly with the
Cardy-Verlinde formula Eq.(1) when the brane crosses the black hole horizon. This means
that we can achieve the equalities S = SH , Ec = EBH at a holographic point r = rH = RH .
This is an important result in the sense that from the Friedmann equations we know about
thermodynamics of the CFT-radiation matter filled in the universe. The second Friedmann
equation (4) leads to the Smarr-type formula of EBH = n(E+ pV −THSH) with the Hubble
temperature defined by TH = − H˙2piH . It is related to the defining equation of the Casimir
energy on the CFT side: Ec = n(E + pV − TS).
In the MDW approach the bulk spacetime is fixed. This means that we can derive the
gravitational dynamics of the brane from the given bulk black hole background. However,
we don’t know precisely what kinds of higher dimensional theories we should start with, even
if string theories provide us some informations about it. In this sense the MDW approach
is considered as a restricted one although it provides us an exact evolution of the brane.
1There exist two approaches for the brane cosmology: one is the moving domain wall (MDW)
approach [4,5] and the other is Binetruy-Deffayet-Langlois (BDL) approach [1,2].
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On the other hand the BDL approach is a genuine extension of the Kaluza-Klein cosmology
to account for the local distribution on the brane. In this case the location of the brane
is fixed with respect to the bulk direction. Also this approach is useful for describing the
cosmological evolution of the brane when a brane-bulk interaction exists. But there are some
ambiguities in interpreting the holographic matter. From now on, we follow the BDL brane
cosmology [1,2]. We introduce the Gaussian-normal bulk metric for (1 + 3+ 1)-dimensional
spacetime
ds2BDL = −c2(t, y)dt2 + a2(t, y)γijdxidxj + b2(t, y)dy2, (7)
where γij is the metric of a three-dimensional space with a constant curvature of 6k. Let
us express the bulk Einstein equation GMN =
1
2M3
TMN in terms of the BDL metric
2. Now
we introduce a (1 + 3)-dimensional brane located at y = 0. We choose for simplicity the
same stress-energy tensor TM N = diag(−Λ,−Λ,−Λ,−Λ,−Λ) + T˜M N on both sides. Here
the bulk cosmological constant is given by Λ. The bulk stress-energy tensor T˜M N from
L˜matB is not needed to have a specific form initially. If T˜ t y = 0, it is obvious that there
is no brane-bulk interaction in a dynamical way. The local stress-energy tensor from Lmatb
including the brane tension σ is assumed to be of the form
τµ ν =
δ(y)
b
diag(−ρ− σ, p− σ, p− σ, p− σ, 0). (8)
We are interested in solving the Einstein equations at the location of the brane. We
indicate by the subscript “0” the value of the various quantities on the brane. Also it is
convenient to choose the Gaussian-normal gauge with b0 = 1 and the temporal gauge with
c0 = 1 on the brane. We obtain, from G0y =
1
2M3
T0y,
ρ˙+ 3
a˙0
a0
ρ(1 + ω) = −2T˜ 0 y. (9)
Here we assumed an equation of state p = ωρ. On the other hand, the average part of
yy-component equation is given by
a¨0
a0
+
( a˙0
a0
)2
+
k
a20
=
1
6M3
(
Λ +
σ2
12M3
)
− 1
144M6
(
σ(3p− ρ) + ρ(3p+ ρ)
)
− 1
6M3
T˜ y y. (10)
Then we rewrite Eq.(10) in the following equivalent form
H20 =
1
144M6
(
ρ2 + 2σρ
)
− k
a20
+ χ+ φ+
1
12M3
(
Λ+
σ2
12M3
)
, (11)
χ˙+ 4H0χ =
1
36M6
(ρ+ σ)T˜ 0 y, (12)
φ˙+ 4H0φ = − 1
3M3
H0T˜
y
y, (13)
2Our action is given by S5 =
∫
d5x
√−g(M3R − Λ + L˜matB
)
+
∫
d4x
√−gˆLmatb with M3 =
1/16piG5, Lmatb = −σ + · · ·.
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with H0 = a˙0/a0. In the case of p = ρ = 0 and φ = χ = 0, we wish to find the Randall-
Sundrum vacuum [6]. Hence we choose the bulk cosmological constant Λ = −σ2/12M3 =
−12M3/ℓ2 and the brane tension σ = 12M3/ℓ to have a critical brane. Hence the cosmo-
logical evolution is determined by four initial parameters (ρi, a0i, χi, φi) instead of the two
(ρi, a0i). This is so because the generalized Friedmann equation (11) is not a first integral of
the Einstein equations. It is mainly due to the energy exchange T˜ t y between the brane and
the bulk. In the case of φ = 0, T˜ t y = Aρ > 0 and negligible T˜
y
y, one finds a mirage-radiation
term χ ∼ (1 − e−At/2)/a40 for an energy outflow from the brane [10]. It can be considered
that the real brane matter decays into the extra dimension. Also for φ = 0, T˜ t y ∼ − 1aq
0
and negligible T˜ y y, it is shown that the energy influx from the bulk generates a cosmolog-
ical acceleration on the brane with the acceleration parameter Q ≡ 1
H2
0
a¨0
a0
= 1 − q
3
where
0 ≤ q ≤ 4 [11]. However, in general it will be a formidable task to obtain the solution of
Eqs.(9)-(13) because it gives rise to a complicated dynamics between the brane and the bulk.
Importantly it is very hard to express Eq.(11) in terms of the cosmological Cardy-Verlinde
formula of Eq.(6) because Eq.(11) is not a first integral of the Einstein equations.
In this work we are interested in exploring the relationship between the brane-bulk
interaction and the (cosmological) holographic principle. In the case of T˜ t y = T˜
y
y = 0, it
is shown from Eqs.(12)-(13) that one finds the mirage or Weyl-radiation terms of χ = Cχ/a
4
0
and φ = Cφ/a
4
0 with two unknown constants Cχ, Cφ. In view of the moving domain wall
approach these correspond to the holographic-radiation terms originated from the mass of
the AdS-black hole [29]. Furthermore, it is obvious that the omission of φ is not justified
when the energy influx (outflux) stops and thus T˜ t y becomes zero. The authors in [10,11]
assumed that at this moment, T˜ y y is also very small, so that φ gives a negligible contribution
to Eq.(11). However, this is not the general case to obtain the information on the brane.
We propose here that as far as there exists any dynamical interaction between the brane
and the bulk, one cannot establish the cosmological holographic principle. The reason is as
follows. First, up to now one does not find any dynamical localization mechanism for the
brane matter by choosing an appropriate interaction term T˜ t y. This means that we do not
specify the details of the mechanism through which energy is transferred from the bulk to
the brane. Second the holographic principle is based on the static non-local mechanism,
for example, the projection of the bulk Weyl tensor onto the brane [30]. The AdS/CFT
correspondence is a tool to realize the holographic principle. In the case of brane cosmology,
we obtain the holographic energy density ρh on the brane by the extension of the AdS/CFT
correspondence. Actually, one does not want to have an environment where a dynamical
energy exchange between the brane and bulk exists. This is so because if T˜ t y 6= 0, one
cannot identify which part belongs to the brane and which part belongs to the bulk. Finally,
if T˜ t y = 0, Eq.(11) becomes a first integral (that is, the first Friedmann equation). As a
result, to establish the holographic principle, one has to meet the condition of no dynamical
exchange between the brane and bulk : T˜ t y = 0.
In order to see this with a specific example, let us introduce the bulk Maxwell field whose
solution takes the form under the metric of Eq.(7) [31,32]
Fyt =
Qbc
an
, (14)
where Q is an unknown integration constant which is proportional to the charge of the
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AdS-charged black hole if one makes a further connection to the MDW approach. Then the
bulk stress-energy tensor T˜M N = 4M
3(FMPFNP − δM NF 2/4) is given by3
T˜M N = 2M
3diag
(
−Q
2
a6
,+
Q2
a6
, · · · ,−Q
2
a6
)
. (15)
This implies that on the brane, T˜ t y = 0, T˜
y
y = −2M3Q2/a60. Although this is a time-
dependent bulk term, there does not exist any dynamical exchange between the brane and
bulk. Substituting these into Eqs.(12)-(13), one finds that
φ = −Q2/3a60, χ = Cχ/a40. (16)
Equation (11) leads to the first Friedmann equation
H20 = −
k
a20
+
Cχ
a40
− 1
3
Q2
a60
+
1
144M6
(
ρ2 + 2σρ
)
. (17)
This is an equation which is derived from the BDL approach and governs the evolution of the
fixed brane sandwiched in the charged AdS bulks. For ρ = p = 0 case, let us compare our
equation (17) with that of the moving domain wall in the charged topological-AdS (CTAdS)
black holes which can be rewritten as [33–35]
H2 = − kR2 +
ω3M
R4 −
3ω23Q
2
16R6 , (18)
where ω3 = 1/3M
3V (S3). This can be written as the cosmological Cardy-Verlinde formula
as
SH =
2πR
3
√
EBH [2(E − ΦQ/2)− kEBH ], (19)
with the electric potential Φ = 3ℓω3Q/16R3 on the brane. Further its time-derivative is
given by
kEBH = 3(E + pV − ΦQ− THSH). (20)
With the identification,
a0 ↔R, Cχ ↔ ω3M, Q ↔ ±3ω3Q
4
(21)
our equation (17) with p = ρ = 0 coincides with the cosmological Cardy-Verlinde formula
Eq.(19) in the presence of the background charge. This shows that the cosmological holo-
graphic principle is achieved.
In case of Eq. (18) for the moving brane, the bulk is just fixed as the two CTAdS black
holes with the mass M and electric charge Q. These two parameters encode information of
3To obtain this, one takes L˜matB = −M3F 2 in footnote 2.
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the bulk and are used to describe a strongly coupled CFT on the brane via the extension of
the AdS/CFT correspondence. On the other hand, in deriving Eq. (17), we don’t need to
know about the precise form of the AdS bulk geometry but we have to keep up a bulk Maxwell
field. However, the two integration constants Cχ and Q certainly encode information of the
bulk, as the initial conditions. Just as in the moving domain wall approach in which the
brane moves in the fixed bulk and acts as the boundary of the bulk, the Friedmann equation
of the BDL brane sandwiched in two AdS bulks carries the information of the bulk as the
initial conditions. This shows that it is possible to achieve the cosmological holographic
principle in the BDL approach. Furthermore, to make a further connection with the static
Cardy-Verlinde formula, we have to choose the CTAdS black hole background as the fixed
bulk [31,32].
In conclusion, if there exists a dynamic exchange of energy between the brane and the
bulk (that is, if T˜ t y 6= 0), one cannot achieve the cosmological holographic principle on the
brane.
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